3. Optimal and Adaptive Filtering

3.1. Wiener-Hopf filter

3.1.1. Introduction

Several estimation problems can be modeled relying on a similar formulation:

Given a set of data from an observed noisy process x[n] and a desired target process d[n| that we
want to estimate, produce an estimation y[n] of the target process by linear time-invariant filtering (
T'[n] = h[n)) of the observed samples.

We assume known stationary signal and noise spectra (correlation), as well as additive
noise. We will first assume Finite Impulse Response (FIR) filters, and afterwards we will delve into
non-stationary scenarios.

Filter configuration

This formulation can be applied to a large family of problems that are commonly sorted into four
wide classes:

e System identification

We want to identify a given system, that can be real or some abstraction. We model this system
as an LTI system plus an additive noise source w[n|.
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Design and use: we excite the system with a known signal z[n| and obtain the filter that models
the system.

The application assumes a noisy reference and noise-free observations.
e System inversion

We want to estimate a system and apply its inverse to the signal. We model this system as an
LTI system plus an additive noise source w(n|.
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Design: we excite the system with a known signal z[n] and obtain the filter that models the
system.
Use: the filter is concatenated to the system to recover the estimated signal.

The application assumes noisy observations and a noise-free reference.
e Signal prediction
We estimate the value of a random signal at a given time instance z[ny], based on other time

instance values (z[ng — 1], z[ny — 2],...).

Forward prediction
(other configurations
are possible)
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Design: we compare the current signal value z[ng] with its estimation y[ng].
Use: The current signal value x[ny] may not be available and we produce an estimation. If z[ng]
is available, we produce the prediction error e[ng].

The application assumes that observations and reference belong to the same noisy process.

e Signal cancellation

We estimate the value of a primary signal which contains an interference. This interference has
been isolated through other sensors in additional signals.
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Design: we compare the primary signal d[n] with the interference z[n].
Use: we obtain the clean signal as the estimation error e[n].

The application assumes that the noisy interferences are the observations, while the noisy signal
together with the interferences are the reference.

3.1.2. Minimum Mean Square Error (MMSE) prediction

Given the generic formulation, we restrict the analysis to the FIR filter case. It is the optimal
solution if z[n] and d[n| are Gaussian jointly distributed processes. Then, the filter is assumed to
have a finite number of coefficients IN. We use the MSE as an optimization criterion because it is
mathematically treatable, leads to useful solutions and can be used as a benchmark for other
solutions.
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We will use the following notation:

z[n]
hinl < aln] = KPafn], afn) = | TV
[n— N +1]
So, say we have this generic signal case
d[n]
+
x[n][— h —‘-d.)— e[n]
y[n]

Then, the error is

and we want to minimize it:
inE [¢?[n]] = minE | (dln] - A7 z[n])’].
minE [¢*[n]] = minE |(dln] K" zn])
In order to do this, we will first prove what is called the principle of orthogonality: if the MSE is
minimum, then it holds that
E [e[n]z[n]] = 0.

If the MSE is minimum with respect to the filter, we know that the gradient is 0. Then, if we
develop this mathematically,

VAE [¢2[n]] = E [V, (dln] — K7 z[n])’| = E [~2 (din] - K" aln]) afn]] =0 <= —2E[e[n]z[n] = 0.

So, we know that the error is orthogonal to the observations.
Now we want to develop some useful results of the MMSE prediction in a specific signal scenario:

e The observation process z[n] can be split into two parts, z[n| = a[n] + b[n].
e The reference process d[n] can be split into two parts, d[n] = a’[n] + c[n].

These parts of each process have the following correlation properties:

* rep[l] =E[a[n+1bn]] =0
* 7yl =Ed[n+1cn]] =0

* Taw [l = Elaln +1a'[n]] # 0
* 7ac[l] = Efa[n + lc[n]] =

* rap[l] =E[d'[n+ ]b[’n]]z
* 7oc[l] = E[b[n + le[n]] = 0

When using the filter that minimizes the MSE, h_ ., the following properties hold:

optr

1. At any point in time, the signal estimation and the error signal are not correlated:
E [e[n]y[n]] = [yln] = hoyz[n]] = E [e[n]hg, z[n]] = ko, E [e[n]z[n]] = 0.

2. The variance of the reference signal is greater or equal than the variance of the error signal:



[ [ H = [d[n] = y[n] + e[n]] = E [(y[n] + e[n])*] =
E [d2[ ]] + 2E [y[n [ez [n}] = [we are using the optimal filter] =

[d2 [n]] +E [62 [n]] >E [62 [n]] .

3. If the observation and the reference signals are not correlated, the variance of the
estimation is zero:

4. The minimum variance of the error signal is € = r4[0] — bfptfzd:

e =E[n]] | =E[eln](dln] ~ yln])] = E[e[n)d[n]] - E[elnly[n]] =
E [e[n]d[n]] = E [(d[n] — hL,afn]) d[n]] = E [d[n] — E [AL,z[n)d[n] =
ral0] — B2 E [zlndin]] =

T
Td [O] - hoptfxd‘
We will analyze the previous properties for the signal setting we stated before:

(sic.)

3.1.3. The Wiener-Hopf filter

The Wiener-Hopf solution

So far, we have analyzed some properties of the optimal filter, but we are yet to obtain it:

— i)~ el rmn n] —hfz[n])] =
[mun—g}:iELHWH )

E [z[n] (dn] — A" z[n])] = E [z[n]d[n]] - E [z[n]h" z[n] =
E [z[n]d[n]] - E [z[n]e" [n]h] = 1,4[0] — E [z[n]a" [n]] b =

e[n]

r,al0l =R [0/ =0 <= |h

So, this is the optimal filter in the sense of MSE minimization, with the matrix and the vector
involved being

E [z[n]d[n]] 72d 0]
ryq = E [z[n]d[n]] = Eleln —l]d[n]] = Tx,% [_ 1 : the Cross-correlation vector
E [z[n — N + 1]d[n]] Tza[—N + 1]
Tz [O] Ty []-] Tz [N - 1]
re[—1] r2[0] cer T[N =2 . .
R =E [z[n]z" [n]] = _ _ . ) : the Correlation matrix
Ty [—N + 1] rz[—N +2] .- rgc.[()]

The optimal filter, hence, depends on the second order statistics of the processes. We will
analyze the properties of this correlation matrix, and also we will study what to do when such
statistics are not available.

The error performance surface
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The Wiener-Hopf filter is optimal at minimizing the MSE of the prediction; that is, the variance
(power) of the error signal e[n| (assuming it is zero-mean). We now want to study how does the
MSE behave for an arbitrary filter. In order to do this, let us first develop a useful result: for any
filter, the MSE can be expressed as

T

E[ez[n]]zs—f—(ﬁ — h) R (

» \—opt

h) .

opt

So, let's see this result:

74[0] — QZ;)tfzd + hgzntfa:d —2h"r . + ﬁTﬁwﬁ =
e+ hT Rmhopt - 2QTEIhopt + ETEIQ =

—opt ==
€+ @Z;tgwhopt - ETEwﬁopt o hz—;)tgzﬁ + ETEwE =
E [62 [n]] =€+ (ﬁopt - E)Tﬁz (hopt - ﬁ) .

So, as we can see, the MSE of any filter is a quadratic function of the filter coefficients and
always lies in an N—dimensional surface. As Ex is positive definite, the quadratic function is
convex and hence it has a unique extreme that is a minimum, which is exactly what we wanted.
The reference signal d[n] only impacts on the position and value of the optimal solution, and not
on the shape of the surface. We can also note that, as Eﬁ is positive definite, any deviation from
the optimum filter increases the MSE. This increase depends only on Em and so, only on z[n].
This fact will be very useful in the design of adaptive filters.

Example: Imagine we have the following signal cancellation scenario. We estimate the value of a
primary voice signal which contains an interference (voice+noise) in a helicopter, taken with a
microphone. This interference has been isolated through other sensors in additional signals.

So, first of all we set our scenario:

e The microphone signal receives voice, engine sound and sensor noise.
e The reference sensor (noise isolation) receives engine sound and noise, but its engine
sound is different than the one received through the microphone.

Our signals are:

e Voice: uncorrelated with the other signals.

e Engines (sensor) / Enginey; (microphone): correlated signals with a helicopter-cabin effect.

¢ Noises: everything in the reference sensor that does not appear in the microphone.
Uncorrelated.

e Noisey;: intrinsic system noise, low power, uncorrelated.

Then, mathematically we can represent all of this by

MIC: m[n] = v[n| + ex[n] + warfh
SENSOR: s[n] = eg[n] + wg[n]

Which filter configuration do we need? A cancellation scenario like the following:



d[n]

x[n] —s|{ h[n] ~ — e[n]

y[n]

We want to obtain e[n| as the clean voice signal. So, z[n] = s[n] and d[n] = m[n] will do the
trick, as our filter will transform z[n] = s[n| = eg[n] + wg[n] into a signal with an approximate
value for the engine noise received in the microphone.

So, how do we solve the problem? It is already solved! We have three ways of solving it:

1. Initial solution: we depart from the fact that we want to minimize the MSE, so
V1 (€%[n]) = 0, and we solve the problem via the following equation:

Vi [((vln] + earln]) = B (esln] + ws[n)))*| = 0.

2. Partial solution: we depart from the principle of error-observation orthogonality,
E [z[n]e[n]] = 0, and we solve the problem via:

E [[esln] +wgnl] [(v[n] + enr[n]) — A" (eg[n] + wg(n])]] = 0.
3. Final result: we directly use the (already proven) fact that the optimal filter is

-1
hopt = §-73 Tad-

For simplicity purposes, we will use the third option. Then,

R, = E [z[n]a" [n]] =[z[n] = s[n] = es[n] + ws[n]

]
Ekgw+me n] + wsfn ﬂ
E [eg[nleg[n]] + 2E [eg[n]w§[n]] + E [wg[n]wg[n]]
[englne and noise uncorrelated] =

E [es[nleg[n]] +E [wg[nJw[n] = |Res + Ru,-

For rzq4, we do the same:

rwdzE[Q[n]d[nH:[&[n]: [st[ 1=
[d[n] = v[n] + en[n]] = E [[eg[n] + wg[n] [v[n] + em[n]]] =
Eles[n] - vln] + egln] - enr[n] + wgln] - v[n] + wg[n] - en[n]] =

]
[v01ce and noise uncorrelated with the other s1gnals] =

Eleg[n] - em[n]] =

The final solution is, then,

[§€S + Ews } Eopt = Tegen

The double function of the filter is evident in this solution: it adapts the correlated part of s[n]
(with m[n]) while cancelling the uncorrelated one.

Wiener-Hopf filter using a finite number of samples
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As we already know, the optimal filter depends on the second ordre statistics of the signals.
However, in a typical case we only have a (small) finite number of available samples from both
the observable and reference signals. In that case, we can minimize an estimation of the mean
square error over the available set of samples.

Let us assume that we have M samples of the reference signal and, given that the filter has N
coefficients, M + N — 1 samples of the observation signal. We can define:

M-1

1 9 1 M T 2
MSE = — m:oe [m] = =7 m; (d[m] — h z[m])".

Let us write this expression as a combination of vectors. If we arrange the M sample equations
e[n] = dln] — A" z[n]

in a vector, we can express the error as

el =d" -pr'X,
given that
z[0] z[1] z[M — 1] d[o] e[0]
z[-1] z[0] z[M — 2] d[1] e[1]
é - . , d= » €=
d-N+1 [N+ - alM-N] a1 M 1]

The optimal filter should minimize the MSE:

MSE = JZ: ) = e = = (" ~HTX) (d¥ - 1'X)
ViMSE =0 <= Vy=(d" ~h'X) (4~ X"h) =0

) —
1
= Vyo(d"d—d"XTh— W' Xd+ BT XXTh) =0 <

1 -1
— M(—zglmg%):g@ @:(}_{)_{T) Xdi=h

By comparison with the optimal expression having infinite samples, we can see that we are
implicitly estimating the cross-correlation vector and the correlation matrix, based on
available samples:

-1
b = Be'oas o = (X X7) X d

The estimations would be

Ro(@) = 2 X X7 = 22 afmafm).

We can interpret the optimal filter (MMSE) using a finite number of samples as an estimate of the
Wineer-Hopf filter using exact second-order statistics:

R -1
hops = Rv;lfzd == ﬁopt = (§§T)

—Zop —

<

d.




In order to assess this estimator, let us fix a (simple) system identification scenario:

x[n] gln]

h[n]

¥[n]

The application assumse noise-free observations (the known signal X) and noisy reference
(dT = g" X + w"). The additive noise is modeled as white and Gaussian. Then, as we did in the
previous chapter of the course,

dT:gT§+MT _— QT:dT_nga Wlthgw:O'QId

_ (-ix) (- x)']

flaig) = —— —
T,9) = ————— -€xp | —
&9 2m)No2N P 202

— L(z;9) = In f(z;9) = —gln 2m0” — % (QT - gT)_() (gl —KTg) —

1
— V,L(aig) = —5 5V, (d"d—d"X g~ g"Xd+ g"XX"g) =
1 xXxT 1
— oo [ - 2xx7g] - S| (xx7) x|

Hence the efficient estimator is (left) and the Fisher information matrix is (right):

1 -1
g=(xx") xd", I-o(xx") .

As we can see, the estimator that we have developed for the Wiener-Hopf filter is a MVUE
estimator (it's efficient).

3.2. Linear Prediction

Introduction

In signal prediction, we estimate the value of a random signal at a given time instance (z[ny)),
based on other time instance values (z[ng — 1], z[ny — 2],...).

Design: we compare the current signal value z[ng] with its estimation y[ng].
Use: the current signal value z[ny] may not be available and we produce an estimation. If z[ng] is
available, we produce the estimation error e[ng].

The application assumes that observations and reference belong to the same noisy process. In
the context of linear prediction, we can define three possible scenarios:

e Forward prediction: the current sample is estimated using only previous samples. For
example, to forecast a given parameter value.

e Backward prediction: the current sample is estimated using only future samples. For
example, for "remembering" a given value. Implies some delay.

e Linear smoothing (or interpolation): the current sample is estimated combining past and
future samples. For example, to recover a damaged signal.

Note: commonly in signal processing applications, what is important is the ability to obtain a
good estimation of a sample, pretending that it is known, rather than forecasting it.
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The Wiener-Hopf filter as a predictor

Let us analyze the FIR Wiener-Hopf filter in the context of forward prediction. Let us assume
that we want to predict a given stationary process s[n|. In that case, d[n] = s[n] and
z[n] = s[n — 1]. With this scenario, the Wiener-Hopf solution implies:

E [s[n — 1]s[n]] rs[—1
E [s[n — 2]s[n]] rs[—2]
r2a = Esln — 1s[n]] = : = : = |1
E [s[n — N]s[n]] rs[—=N]
75]0] rs[1] rs[N — 1]
rs[—1] 75[0] s T[N = 2]
R, =E[s[n—1]s"[n—1]] = , , , _ = |R,
rs[-N+1] r,[-N+2] --- 75[0]
So we have the following relations between the two schemes:
H |
st ] S
£[n]
¥in]
sl — & et
d[n]
dn] = sn] : reference signal = current sample
z[n] = s[n—1]: N datasamples = N previous samples
h = h: filter (N taps) = predictor filter (IV taps)
yln] = §[n]:  filtered signal = current predicted sample
eln] = e[n] : prediction error = prediction error

When the optimal filter is used:
e Erroris orthogonal to data:
E[s[n — 1le[n]] = 0
e The power of the error is lower than the power of the reference signal:
E [$*[n]] > E [€*[n]]

e The minimum error power is:

E=Ts [O] - hfptzs
The expression for the optimal filter is
Eséopt =Ts,

and the power of the error for any filter h is

E[e2[n]] = e+ (b — hop)" Re (B — hyp)
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Linear prediction for signal coding (LPC)

Assuming stationarity, the Wiener-Hopf filter minimizes the MSE between the process and its
estimation (MMSE: minimum error power): signals are usually processed by (close to) stationary
segments called frames. In speech coding, this is typically 20ms.

As the power of the error is lower than the power of the reference signal. That allows defining a
coding gain G¢:

02 =E[s*[n]] > E[e’[n]] =02 = |Gc = —.

Given a filter different from the optimal one (for example, the quantized filter h,), the obtained
error power and actual coding gain can be computed:

E [62 [n]] =&+ (ﬁq - hopt)TES (ﬁq - @opt)

Coder/Decoder structure

For each frame (assumed to be a stationary signal), the decoder receives the filter that has been
used for predicting the signal and the prediction error. Assuming amplitude-discrete signals
s[n], §[n], e[n] € Z, the receiver can reconstruct the original signal s[n] without loss.

Buffered samples

. i

—_ il
—.-(_I'B—-. e[n] an s[n]
. E /
h -1

§[n] L -

sln—1] —

|=
2

stn sin—1]

Internal variables are kept when starting to process a new frame. We can see on the left the
coder system, and on the right the decoder system. Let's see how the first few iterations of the
codec structure work:

If n. = 0, the first coding step starts by observing that s [n — 1] = s7[~1] = 0, so

3[n] = 5[0] = hTs[—1] = 0. Then, e[n] = e[0] = s[0] — 4[0] = s[0], so the coder transmits the
filter and this predicted value. Then, the decoder kicks in. The first decoding step starts by
setting e[n] = e[0] = s[0] and s[n — 1] = s[—1] = 0, so then §[n] = 3[0] = hT s[—1] = 0 and
then, it can reconstruct the n—th sample as e[0] + §[0] = s[0].

Ifn=1,s"[n—1] =sT[0] = (s[0],0,...,0). Then, the prediction for s[1] is

3[1] = hT s[0] = hy - 5[0]. The prediction error is e[1] = s[1] — §[1] = s[1] — hy s[0]. The decoder
receives this error and the filter, and it can easiliy reconstruct the signal, as

e[n] = e[1] = s[1] — hys[0] and it uses sT [n — 1] = sT[0]. Then, its prediction is exactly the same
for the lower part of the filter, §[n] = §[1] = h' s[0] = h1s[0] and so, it recovers the value of the
signal as e[1] + §[1] = s[1] — hy1s[0] + hq1s[0] = s[1].

Quantization of the prediction error

So far, when we talked about quantization we have concentrated on the quantization of values
that come directly from a signal (voice, audio, image) or are model coefficients (filter
coefficients). As we are interested in transmitting the prediction error, the following question is
quite relevant: should the same strategy apply in the case of quantizing prediction error
samples? The coding scheme, in that case, can be the following one:
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| =

s[n —1] —

1 —;?—r e[n] — a(.) — i=a(e[n]) (— e4ln])
+

s(n]

In this kind of situation, how does the decoder work? Well, it tries to recover a (quantized) version
of the input signal following the next scheme:

eqln]

i — ) . » sq[n]

in] Eq[ﬂ —-1]

The decoder uses ¢, [n| as the quantization error and e, [n] as the quantized error, so
e[n| = e4[n] + €4[n]. For simplicity, let us assume that the exact values of the IV coefficients of h
are available at the receiver side and so are the first N samples of the signal s[N — 1]. Then, the

scheme evolves like this: at the N-th step,

The coder sets s [n — 1] to be sT [N — 1] = (s[N — 1],..., s[0]). Then, its prediction is

3[n] = 5[N] = AT s|N — 1]. Then, the prediction error is e[n] = e[N] = s[N] — §[N], which
is exactly s[N] — h” s|N — 1]. This prediction error is quantized and hence,

ealn] = e,[N] = e[N] - &,[N].

The decoder predicts §[N] = Qqu [N — 1]. But, as we have already said, the first N samples
of the signal are available to the decoder. So, 5[N] = h' s[N — 1] = §[N]. Then, its
reconstruction of the input signal is sq[IN| = e,[N] + 5[N] = e[n| — ,[N] + §[N]. By
definition, e[ N| = s|N] — §[N], and so,

$q[N| = s[N] — §[N| — g4[N] + §[N] = |s[N] — g4[N],|which is a kind of quantized

version of the input signal.

At the (N + 1)—th step,

The coder sends e,[N + 1] = e[N + 1] — g4[N + 1].

The decoder predicts [N + 1] = kT s,[N] = h¥ (s|N] — g,[N], s[N — 1],..., s[1])", which
after the filtering is equal to 5[V + 1] = h” s[N] — hog,[N] = §[N + 1] — hoe,[N]. So, its
reconstruction of the input signal is

SqIN+1] =[N+ 1]+ 5[N+1] =e[N + 1] — g4[N + 1] + §[N + 1] — hoeq[N]. If we
further develop this, we get that

$q[N+1] =[N +1] — §[N + 1] — g¢[N + 1] 4+ §[N + 1] — hogq[N], and so §[N + 1]
cancels out and we get s;[N + 1] = s[N + 1] — 4[N + 1] — hogq[N].

Linear prediction coding of speech signals

in speech signals high temporal correlation between close samples (can be appreciated in
autocorrelation or spectral density)

linear prediction -> higher prediction gains in voiced signals

large increase in the performance comes from the fact of including nearby samples in the
predictor (N=8-10) as well as samples that are near to one pitch period T apart. samples in
the middle of this range do not improve the prediction gain

short term & long term prediction

o short term: information about the periodicity of the signal is not explained
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o to achieve better results usually a long term predictor is concatenated to the short

term one
e n] e[n]
s|n| .
. Predictor Predictor e.[n]
H H
N ) T+l )
Hi(z2)=> az" H,(z2)= ) az"
i=1 i

e short&long term predictor: intermediate samples not used
e long term: usually around 1-3 coefficients. can be used for pitch estimation (more on the
slides 28-31 of the 3.2 section)

3.3. Adaptive Filtering

Introduction

Need for adaptive filtering

In the four scenarios that were presented as examples of the Wiener-Hopf filter, we can
distinguish two different classes:

e System identification and inversion: if the system (or the system model) that is to be
processed varies in time, the W-H solution has to adapt to these variations.

e System prediction and cancellation: if the processes that are analyzed are non-stationary,
the W-H solution has to track and adapt to their statistical variations.

Assessment of adaptive filtering

The goal of an adaptive filter is to first find and then track the optimum filter as quick and
accurately as possible. There are different algorithms for implementing the filter adaptation.
Therefore, we need criteria for assessing the quality of these algorithms:

e Speed of convergence: (or speed of adaptation) it measures the ability of the algorithm to
bring the adaptive solution to the omptimal one, independently of the initial conditions. It is
a transient-phase property.+

e Misadjustment: (or quality of adaptation) it measures the stability of the reached solution,
once convergence is achieved. It is due to the randomness of the input data. It is a steady-
phase property.

e Tracking: if the processes that are analyzed are non-stationary, the W-H solution has to
track and adapt to their statistical variations. It is a steady-state property.

e Complexity: commonly, it is measured in terms of the number of operations that the
algorithm requires to process a new sample, or time update. Additional concepts such as
memory usage and parallelization properties can be analyzed.

Steepest descent
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Most adaptive filtering algorithms are obtained by simple modifications or iterative methods
for solving deterministic optimization problems. In the sequel, we are going to study several
aspects of gradient-based optimization techniques, from the theoretical point of view and still
in a stationary scenario, as bases for the creation and understanding of adaptive methods.

Study of the error performance surface

The Wiener-hopf solution filter is optimal in the sense that it minimizes the MSE of the
prediction; that is, the variance (power) of the error e[n]. Recall that, for any filter h, the MSE can
be expressed as:

E [€*[n]] =&+ (Ao — @)T@ (hopt — 1)

This expression represents an hyper-surface in R with a minimum at Ropt -

Example: Let us analyze the case for N = 2; that is, b’ = (hg, hy).

o —h=Ah= [izo]
R, =[z[n] € R] = [“[OJ rzm] — E[¢’[n] =+ AR, Ah
- Tﬂ?[]‘] rm[o]

Then, the MSE is a quadratic function that looks like this:
E [€’[n]] =&+ r;[0](Aho)?* + 2Ahg Ahy 7, [1] + 1, [0](Ahy ) =

2 2
€+ T [0] (h()opt — h()) + 27‘w [1} (h()opt — h()) (hlopt — hl) + Tz [0} (hlopt — hl)

This defines a paraboloid in 3-dimensional space. The level curves of this paraboloid are ellipses
in the plane:

h{'apr

What is the optimum filter if:

e We have an observed signal z[n| with low correlation between consecutive samples:

1.1 0.1 5272
_ 0 , 74[0] = 0.9486, r,q = 0.527
= 0.1 1.1 - —0.4458
Given this data we can compute:
0.5204
h . =Ry'ryg — h_, =
Hopt = Zw Fed T Sopt [—0.4526}

e =r1q[0] — Al rea = €=10.4725
e We have an observed signal z[n| with high correlation between consecutive samples:

x =

[40 39

0.5272
. 7410] = 0.9486, .y —
v a0 0 ra= | S

—0.4458
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Given this data we can compute:

. 0.487
hopt :Ewlfwd = hopt = |:0 486:|

e =rq[0] — bl rea => €=10.5153

The minimization algorithm

An iterative algorithm that obtains the minimum of the error performance surface should fulfill
the following criteria: (k is the iteration)

lim h* = h

k—oo ™

kh—gloE [e’[n]] =«

opt?
The proposed recursion uses the information in the gradient of the function to be minimized:

thrl — hk o %MVQE [62 ['I’L]]

hk

This is the steepest descent algorithm; it is based on the Taylor expansion around @k. The
positive parameter p is known as the step size, and it determines the speed of convergence
towards the optimum. The gradient V, of the MSE is used at each iteration, evaluated at each @k.
At every point, it is perpendicular to the level curves, so it does not always aim at the
minimum. Let's calculate this gradient in our setting, using e[n] = d[n] — hT z[n):

ViE [€2[n]] = V4E [(d[n] — k" z[n]) (d[n] — kT z[n])] =
ViE [d*[n] — d[n]h" []—hT[]d[]+hT[ [n]] =
E [~d[n]z[n] — z[n]d[n] + 2z[n]z” [n]h] :—erd+2§ h.

If we restrict this expression to Qk and substitute the result into the recursion, we get:

hkﬂ _ hk Yu (sz _Efﬁk) '

Convergence analysis
Let us start analyzing the one-dimension case, N =1 =— h = hyg:

R, =r:[0]=X = E [62[TLH :c&‘—i—)\(hoopt —ho)Za

1 0
T = b — St [l

k)
hO

hEL =k — —,u(2)\hk - 2)\hoopt) — Rk + ,uA(hoopt - h'g) = (1 — pA)RE + phho,,

If we now subtract hg_, from both sides, we get

REFL Ry = (1— p)) (h’g - hoopt).

This expression allows for a change of variable that simplifies the analysis of convergence: if we
call z to the difference in both sides of the equation, we have

Zk+1 _ (1 - H)‘)zk —_— Zk+1 _ (1 - ‘u)\)kzO

And, as the h* converge to h__,, the zF converge to 0. The convergence range is:

—~opt’
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1—pr<1

1—puA <l — .
1= pA {—1+u>\<1 A

2
}<:>0<M>\<2 = [0<p< —

The extreme cases' behaviour is pretty obvious: if 4 = 0, then the 2* don't move at all; if u = 2

XI
then the 2 change signs at each iteration because of the (—1)*. In the intermediate cases, the
following happens:

e 0< u < l' the z* tend towards 0 slowly, as (1 — ) is between 0 and 1.
O,u— z—Oas(l—p)\)—O

J X <p< X' the 2 hop from one side to the other of 0, while approaching it.

To extend the previous analysis to the N —dimensional case, we need to establish some
properties of the correlation matrix:

e |tis semipositive definite: for any vector v,

v'R,v=0"E [zz"] v =

E [stcmTv] = [QTQ = a} =E [az] > 0.

e Because of the previous point, its eigenvalues are non-negative:

[E
IS

= = vRau=uvdlu — A= —— = > 0.
e Via the spectral theorem, we know that it can be decomposed into R, = UAUT, where A

is a diagonal matrix and U is an orthogonal or unitary matrix.

We are going to perform a change of variable analogous to that in the 1-D case. Nevertheless,
since we are in an N—dimensional problem, we have to account for a displacement and a
rotation:

R = hF 4 ,u(gzd - Ezﬁk)
ﬁk+1 . ﬁopt — (E — MEgg) Qk + Ureqg — ﬁopt
—Zopt

B gy = (1 — pR, ) B + Ry — B

B = by = (I~ B ) B — (14~ uRo ) B

W~ By = (1d = R, ) (B = By ).

Now, we can compensate for the displacement. In order to obtain the rotation, we decompose
R, into its spectral decomposition, UAUT, and

B gy = (14— pR. ) (B — By )
B = hyy = (1d = pUAUT ) (B* = by )
U (B~ hyy ) = U” (14~ pUAUT ) (B~ by )
U (B~ By ) = (U7 — iU UAU" ) (B* — by )
U~ AU ) (B~ By
1d - ,u,A) uT (h’c hopt)

= pt
QT (Ek-i-l _@Opt) = gk — :<£_ Né)ék

d

|

—~

>

Ea

+

[S

[ |

= =
k=4

vv
I

/—\/—\




With this result, the different dimensions of the optimization problem have been decoupled, so
every component can be analyzed separately:

= (1 - pN)F = 2= (1 p\)F? = lim 2F = lim (1 — p))F2

v k—o0 k—o0

We have already solved the 1-D problem, so we know that for each dimension we have
0<pu< /\l Since we want to use the same g for all dimensions, the (theoretical) bounds for

are

O<p<

)\max
In a practical environment we usually do not compute the eigenvalues of R,, and instead use
simpler and more conservative policies. For example, as we know that the trace operator is

invariant through base changes, and Apax < Zk A = tr (Em>

N N-1
Z rz[0) = N -7, [0] =
k=1 =0
= | 0<pu< ——.

K= N[0

The speed of convergence can be quantized as the number of iterations (Vi) that are
necessary to reduce the distance between the achieved solution and the optimum to a given
value ¢. In a given dimension, we can write:

A = (1 - pr)*2,

Ine

1—pX ™ _.
1=n In|1— pA

w—e = | Ny =

When generalized to the IV dimensions, it can be shown that for small values of y,

max

Niter < —Ine

min

so, the speed of convergence is proportional to the dispersion of the eigenvalues. (examples
of this in slides 26-31 of section 3.3).

Least Mean Square (LMS) approach

Stochastic approximation of the gradient

The steepest descent recursion for the Wiener-Hopf filter uses the correlation matrix and the
cross-correlation vector, but in a real setting, neither of those are known and both have to be
estimated via their instantaneous approximations. In this application, as signals are assumed
to be non-stationary, we cannot use an estimator with a large memory (no accumulation of
previous data). With these instantaneous estimations, we produce the stochastic
approximation of the gradient:

R, =E[zgln)z"[n] = Re(z) = z[njz"[n } .
rea =Eefldnl] = e, d) = zlnldin)
— ViE[e[n] |, = —2r0a + 2R.h" ~ | ~22[n]d[n] + 2z[n]a” [n]n"
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Note that now A" is estimated at each new sample and the iterations and the samples are not
different indexes anymore. Using this stochastic approximation, the recursion for the algorithm
is:

W = B4 (rog = Bob*) = B = "+ p(alnldln) - eln)a” [n]h").

Using the definition of the error, e[n] = d[n] — AT z[n], and manipulating a bit the previous
expression, we get

W = b+ paln) (din] — 27 [nh"),

and, as uTv = vTy, this is the same as

R = b + pzlnjeln].

This is called the Least Mean Squares (LMS) approach. The LMS algorithm is, therefore,
1. Filter the received signal: y[n] = = [n]h".
2. Compute the error: e[n] = d[n] — y[n].
3. Update the coefficients: h"™ = h" + ux[n]e[n].
4. Return to 1 (if any more observations are received).

Convergence analysis of the LMS algorithm

We study the convergence of the LMS algorithm in a stationary scenario. As the gradient is
estimated, the resulting value is random. Therefore, we need to study the algorithm
convergence in statistical terms, in an expected value sense:

E [R*'] = E[h"] + pE [z[n]d[n]] — pE [z[n]z” [n]h"] .

W = B+ pa(alnldln] - afnle” (n]h"),

If we assume that the observations and the filter coefficients are approximately independent, we
obtain the following equation:

E ["] = E[h"] + uE [z[n]d[n]] — uE [z[n]z" [n]] E "],

E [B"] = E[R"] + proq — pR.E[R"].

In the expected value sense, we have obtained the same iteration equation as with the
steepest descent method. The step size p has to fulfill the same restrictions as in the Steepest
Descent (SD) algorithm to achieve convergence:

2
0< < —
P N

The speed of convergence is the same in both cases (LMS, in the expected value sense, and SD):

max

)\min

Niter x —Ine

And, as in the SD algorithm, a more conservative policy is adopted for the step size:

O<p<

N7, [0]

In some cases, the dynamics of the input signal (that is, r, [0]) are not constant due to non-
stationarity. In such a case, the step size should be updated to guarantee convergence. So, the
normalized LMS approach is:
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2a
N7 ,[0]"

e Use a conservative value for the step size: p = with0 < a < 1.

e Dynamically estimate the input power:

o With an instantaneous estimation: N#,[0] = z” [n]z[n].
o With a time-averaged estimation: #,[0; n] = v, [0;n — 1] + (1 — v)|z[n]|>.

Misadjustment of the LMS algorithm

Although the LMS algorithm converges in the expected value sense, the fact of estimating the
gradient produces an increase in variance of the minimum error achieved. This is known as the
LMS steady-state excess MSE (in absolute value, first) or as the LMS misadjustment (in relative
terms, second):

o BEXLN N[0
2-uXN N 2 pNr[0]
E[é%[n]] — ¢ pN7, 0]
e S S AN 0]

= ifp <

Nr,[0]

N
K K
— |M~ 5;)” = S Nr.[0].

The y parameter in the LMS algorithm:

e |s bounded to ensure convergence.
e The speed of convergence increases with p.
e The misadjustment is proportional to pu.

Moreover, eigenvalue dispersion affects the speed of convergence, but not the misadjustment.
The latter is mainly affected by increases in the power of the signal. (examples of this in slides 39-
48 of section 3.3).

3.4. Applications of Optimal Filtering

This applications and how to solve them are all in the course slides of section 3.4. There, we solve
the following problems:

e Affine predictor: Comparison between linear and affine prediction for non-zero mean
signals.

e Wiener-Hopf solution for highly correlated data: Avoiding the use of close to singular
correlation matrices.

e Short term / Long term correlation: Embedding a signal into noise. We separate a
broadband noise signal from a narrowband signal that we want.
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