2. Estimation Theory

2.1. Introduction to Estimation Theory

1. Introduction to Estimation Theory

Given an N—point data set {z[1], z[2], ..., z[N]} which depends on an unknown parameter 6
(or set of parameters #), we wish to determine 6 based on the data, through the definition of an
estimator:

0 = g(e[1],z[2],...,z[N]) = g(x),

where g(+) is some function.

The dependence of the available data x with respect to the parameters 6 is captured by the
model that is proposed. As data is random in nature, we represent it by its probability density
function (pdf):

fz(x[l]vx[z]’ s ,fC[N],Q) = fg(@vé)

The pdf is parametrized by the unknown vector of parameters 6.

e Case 1: We are given a pdf. For instance, N = 1 (z[1] = z) and 0 is the mean, the pdf could
be

fu(z;0) = ! exp [—

2ma?

(w—9)2]‘
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e Case 2: Usually, we are given data and we have to choose a model:

1. Models should be consistent with the problem and previous knowledge.
2. Models should be mathematically tractable.

z[n] = A+ Bn+wn], fu(z;0)= ! 7 €Xp [— 212 Z(az[n] — A—Bn)?|.
(2mo2)> o

n=1

e Case 3: Bayesian approach. We can assume that the parameters to be estimated are random
variables (instead of deterministic but unknown). The knowledge about its pdf can be
included.

f(z,0) = f(z|0)£(0)

In several situations, we want to estimate the mean value of a random process that can be
modeled as a constant value # embedded in stationary white noise Wn/:

| X[n] = 0+ W[n||

— White noise: each sample has a probability distribution with zero mean and finite variance,
and samples are statistically independent and rw [n, ] = o2, [n]d[l].

— Stationary white noise: all variance samples have the same value and the autocorrelation
function is ry [I] = o3, - 4[]
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How can we estimate the mean value of a random process given a set of observations (V) of a
single realization? We can propose different estimators:

my = * Sl aln]

mg? = median(z[1],z[2],...,z[n])
~ (3 max(z[1],...,z[N])+min(z[1],...,2[N])
mg() = 2

We need to assess the performance of the estimators to decide which one should be used.

1. Assessing Estimator Performance

How can we estimate the mean value of a random process given a set of samples (V) of a simple
realization?

Let us assume that we select the average of the available samples (sample mean) as estimate of
the mean value of the process. For this selection to be correct, we have to assume:

e Stationarity: the parameter to be estimated does not change through time.
e Ergodicity: any realization of the process (X|[n, ]) assumes the statistical properties of the
whole process,

1 N
mx = E[X[n]] :]%%NZX[n,i].

Estimators operate on the samples of a given realization. The estimated value depends on:

e The available realization X|[n, ).
¢ The selected window (n, V).

Thus, any estimator is a random variable.
Features of an estimator

The bias of an estimator is the difference between the expected value of the estimator and the
true value of the parameter being estimated:

B(9) = |6 — E[4]

e Estimations delivered by a biased estimator are consistently different from the parameter
to be estimated.
e An estimator without bias is called unbiased.

Exercise: Given the signal model X[n] = § + Wn|, where W/n] is a stationary white noise,
calculate the bias of the estimator:

Solution:

So, this estimator is unbiased.
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The unbiased constrain is desirable and, among all unbiased estimators, that of minimum
variance is preferred; it is called the Minimum Variance Unbiased (MVU) estimator. The
variance of the estimator is calculated as

o2 =E [(9 - E[é])Q]

An estimator is consistent if, as the number of samples (IV) increases, the resulting sequence of
estimates converges to 6, and the variance of the estimates converges to zero:

lim E[f] -6, lim 02 —0
N—oo N—oco 0

Exercise: Given the signal model X[n] = 6 + W{n|, where Wn] is a stationary white noise,
calculate the variance of the estimator:

R 1 &
Oy = N;x[n]

Solution:

i2 Z Z E[W[n|W[m]] = [Tw[l] = U%/V(S[l] ] = LZ Z Z 8[n — m]U%/V _
1 U%/V

This last equality implies that the estimator is consistent.

If the estimator is biased, the dispersion of the estimations with respect to the actual value to be
estimated (f) is not the variance but the Mean Square Error of the estimator (MSE(@)). The MSE
can be a measure of assessment for a given estimator, but to define an estimator optimizing the
MSE usually leads to unrealizable estimators.

o —E [(9 - E[é])Z] = [Biased) # E [(§ — 0)°] = MSE(9).

Exercise: Prove that, for a given estimator 9,

MSE(9) = o2 + B*(9).

Solution:



Vector notation

The previous sample mean estimator can be interpreted as a filter and, this way, we can
generalize the study of its properties:

>
=2
|
[
~
I8

R 1 X 1
On = N;l“[n] = ﬁlTE —

This estimator is linear in the (/N) data.

Exercise: Given the signal model X[n| = 6 + Wn], analyze the bias of the estimator 0 .
Solution:
B(Ow) = 10— Elx]|
Eldy] =E [k z] = hTE[z] = [z = § + W] = hTE[§ + W] = [0 is deterministic] =
KT [0+ E[W]] = [EIW] = 0] = k70 — 6h71.
— B(fy) =10—0R"1] = [0(1 — R"1)].

As the estimator is unbiased (as we saw earlier), |71 = 1.

Forinstance, hT = L1.

L
N

Exercise: Given the signal model X[n] = 6 + Wn], analyze the variance of the estimator 8 .

Solution:
62, =E|(By ~EBN)?| =E [0y - 0)*| =E [tz - 0)*] = E[(B" (0 + w) - 0)*] =
E[(hT0+hTw—0)?] = [170=0-hT1=6] =E[(0+hTw - 0)°] = E[(hTw)?] =

E[p'w-h'w] =E[h"w-w'h] = h"E [ww'|h= |h"R

2. Minimum Variance Unbiased Estimator

After generalizing the sample mean as a filter, we have obtained a family of unbiased linear
estimators of the mean of a random process, for which we have the expression of their
variance:

Oy = hTe — Unbiasedif: hT1 =1, o2 =h'R h.

N
Note: we imposed zero-mean noise and the use of the unbiased estimator.

To obtain the Minimum Variance Unbiased (MVU) estimator, we should solve the following
problem of optimization with constraints:
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o (171,

subject to hT1 = 1.

This optimization problem is formulated through Lagrange multipliers. This method allows an
optimization problem with constraints to be solved without explicit parametrization in terms
of the constraints.

Given a function f(z) that we want to optimize subject to a constraint (described by another
function) g(z), we can define a Lagrange function (or Lagrangian) £(z, ) whose first
derivatives are zero at the solutions of the original constrained problem.

Note: the theory of Lagrange multipliers will be studied in the Mathematical Optimization course.

optimize f(z) Vi L(z,A) =0
2 } = L(z,A) := f(z) — Ag(z) = { 9L(z,N)
subject to g(z) = 0 —

It is necessary to derivate a scalar function with respect to a vector.
Rules to derivate a scalar with respect to a vector.

Definition. Gradient. Given a scalar function f(z) € R, with z € RY, we define its gradient with
respect to x as

V. f(z) =

(af(@ 0f(z) 8f(2))T < RN

Ox; = Oxe ' Oy

Given this definition, the most common cases that we will work with are:

; oy Y, hizi OXY bz XY, b \"
Vg (ETE) =V, ( hiwi) = ( =l =1 ey =1 —

8%1 ’ amg BZEN

(h1,h2,. .., hy)" = h.
In the same way, we can obtain V, (z”h) = h.

Ve (ETﬁ) = {ETA = QT] =V, (vT:v) =v= (QT)T —

In the same way, V, (QTQ) = Az. If we have a symmetric matrix, such as a correlation matrix,
it can be shown that V, (gT@> = 2Azx.
Obtaining MVU through Lagrange optimization

To obtain the MVU estimator, we should solve the following problem of optimization with
constraints:

: 2\ — i T
min (77,) = min (" By )
subject to AT1 = 1.

Note: only unbiased estimator and zero-mean noise were imposed to obtain these results.

Exercise: Given the signal model X[n] = 6 + W|n/, find the MVU estimator for the parameter 6.

Solution:
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in (hKTR_h
min (BB |y W R h—A(RT1-1).

R'1=1
ViL(h,A) =0
VL=0 <= < oz .
5 =0

Vo [BTR,h—A(BT1-1)| = 2B h-A1=0. (1)

Previous constraint: oL _ =hf1-1=0. (2)

Y
From (1) we have that 2R h — Al = 0 and this holds <= h = gﬂ;vll (3)

A g 2
Using (3) on (2), we get to [ngll] 1=1 < A= TR1 (4)
-_— :W flmy
A1
Now, using (4), we have an expression for the filter h: [h = lT_R—_ll

In the case of stationary white noise, the correlation matrix is the identity and, as such, the filter
hish= %l. In either case, the parameter 8 is Oy = ﬁTg. We can see that it is unbiased, as

—1 T T p-1

'l = EW; 1= [(RI)T — 1] 1 EWl —
= = T p—1 = =w =w T p—1
1 Ewl 1 RWl

3. Function Estimation

In some cases, we want to estimate a function rather than a single parameter. Common cases
are:

e The self-correlation function of a process.
e The spectral density function of a process.

When estimating a parameter, the used estimator becomes a random variable. Therefore,
when estimating a function (an ordered set of parameters) the estimator becomes a random
process too (an ordered set of random variables).

Given N samples {z[0], ..., z[IN — 1]} of a realization of an ergodic process X[n|, we want to
estimate the self-correlation of that process; let us analyze how to estimate each lag ! of the self-
correlation function 7, [l] = E[X[n + ] - X[n]]. We will first assess the following estimator 7:

N-I-1

lExn+l l, 0<I<N-1,
fw[l]: 1 :1

}: [n+lz[n], —-N+1<1<0.

As the correlation function is symmetric (7, [l] = r.[—]) the second expression (for negative lags)
is not computed. The 7, estimator is unbiased, and, terefore, MSE (7 [I]) = o2 (#,[I]). However,
the value of o%(#,[I]) is not known. It has only been approximated for specific cases of random
processes.

Let's see that the estimator is unbiased: we will only check for positive lags, as we know the
function is symmetric.

N-I-1 N-I-1

N—l-1
z[n + )z N1 HZ:O E[z[n + l|x N1 Z s [l

n=

E[# 1] =

(==}

1—
_an
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Therefore, B(7,) = 0 and the estimator is unbiased.

% The value of its variance has only been rpoven for the Gaussian case and N >> [, and it's
equal to
N o

=—00

o* (Foll]) =

However unknown their value, it is known that the 7, estimator behaves commonly for all
probability distributions:

e Its variance increases with the absolute value of the lag ||.
e The estimator is consistent, meaning that limy o, o2 (#;[]) = 0.

How to improve the variance behavior?

To remove the dependency of [ from the variance, a new estimator for the self-correlation is
proposed:

1 Noi
¥ ;} zln+lzn), 0<I<N-1
Po[l] = ] M-l
o zin+lz[n], -N+1<1<0
n=|l|
Both estimators are clearly related: 7, [I] = N%‘llq‘z [l]. We will now see that the new estimator is

biased, and that it reduces the variance and the MSE.

e As the two estimators are linearly related, we can see that the expected value of 7, [l] is

N i N -]
E[#,.[l]] = ——E[f.|l]]| = ——=——7r:[l].
7o ll]) = = Bl [l)] = == [l
e The new variance is independent of /, has decreased, and it still makes the estimator be
consistent:
1 o
o’ (74 [1]) = ~ k;}o (r2 (K] + o [k +1) + o[k — 1))

e It can be shown that the MSE has decreased, MSE(#,) < MSE(7#,).

The available N samples can be modeled as having a whole realization of the process that has
been windowed. A (consistent) square window upon the data samples v[n] produces a
triangular window w|l| upon the mean of the correlation samples: w([l] = %v[k] * v[—k].

2.2. Cramer-Rao bound and Efficient Estimator

In the previous unit we have been able to find the MVU estimator for the estimation of the mean
value of a signal X[n] that can be modeled as a constant value embedded in zero-mean noise,

6 + Wn|. To obtain the estimator, we have used the method of Lagrange multipliers to minimize
a given criterion subject to an unbiased constraint.

However, if a MVU estimator exists, there is no method that ensures that we are able to find it.
Nevertheless, the Cramer-Rao Lower Bound (CRLB or CRB):

e Determines the minimum possible variance for any unbiased estimator. This bound, then,
provides a benchmark for assessing any estimator performance.

e Provides, in some cases, the expression for the MVU estimator.

e (Can be used to estimate the (non-linear) function of a parameter.
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Definition. Efficient estimator. We say that an estimator is efficient if it attains the CRLB.

Cramer-Rao bound for parameters

There exists a lower bound for the variance of the whole set of unbiased estimators of a
parameter 6. the bound is related to the probability density function of the data: when the pdf
is viewed as a function of the unknown parameters (with z fixed), it is known as the likelihood
function:

fx(w[o]w' . ,.’E[N— 1]§9) = fz(g;e)

Then, while we won't prove it in this course, we state the Cramer-Rao Lower Bound:

Proposition. Cramer-Rao Lower Bound. The variance of any unbiased estimator § must satisfy

1

) { & 1n £, (o) } ’
00

Var() >

and equality holds when, for some function of the parameter k(6),

9l fy (2;6)

90 = k(e)(éom (z) —0).

Let us analyze the case of the likelihood function f; (z;6) of a set of N Gaussian, independent
samples:

=

fo(z;0) =

fo (2 6)

i=1
each sample has a likelihood function f, (z;; 6;) associated to it, and the joint likelihood function
fz(z; 0) provides information about the possible estimator. Looking for a maximum (we will see
this later) in the joint likelihood function will provide a Maximum Likelihood Estimator for the
parameter.

Likelihood functions  —---> T, XTI
fe(x;;8) associatedto  ~ -7 - -2 N { hS
each one of the samples AV o 2k AV \ N\
g Yo o\ N, - --_ Samples x;
. {:C_..?ﬂ;"{ :\::"'_',ﬂ-g:"-.-
- ::- ::- - e fl 'g;.".".- - ﬂ?;"':‘—.h 4]
) | ] d ) 6 7
fx(x: 6)
. 4 The join likelihood function
[.2x 107 _ " _ - fi(x;8) provides information
K107k about the possible estimator
Ax 107
]

The more informative the set of samples z, the sharper the likelihood function f, (z;6): a
measure of sharpness is the curvature.

Definition. Curvature. The curvature of a likelihood function f, (z;0) is

0 Inf
_E[ o6 ]
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The larger the curvature, the smaller the Cramer-Rao bound on the variance. We can easily see
this as the Cramer-Rao bound is nothing more than

1
_E [32 In fzz(z;(?)] .
a0

The curvature depends on both the number of samples IV and the likelihood function f, (z; 6).

Var(6) >

The optimal (efficient) estimator can be obtained through the condition of minimum variance:
that is, imposing that

Oln f, (z;0) 5
— a0 = k(0)(Oopt (z) — 0)

we can see that the optimal estimator 90pt is

N 1 Oln fy(z;0)
9°Pt(@:k(9) 90

+6.

For the estimator to be efficient, the dependence on 6 should cancel out. We can see that the
achieved minimum variance is given by
(é) .
Var = —
opt k:(H) ’

because if we calculate the curvature,

06?
By [K (0)0opi(2) ~ K (6)8 — k(6)] = [Elfope ()] =

5, [Z0L] - 5, [ 2 0anta) - 00| -

The denominator in the CRLB is referred to as the Fisher Information I(6):

% lnfg(z;é’)] . l(alnfg@;e)ﬂ

19):=-E [ 062 90

Exercise: Given IV samples of a process that can be modeled as z = 1 + w, compute an
efficient estimator of its mean 6.

Note: w is a Gaussian stationary white noise.
Solution:

Exercise: Given N samples of a process that can be modeled as = 01 4+ w, compute an
efficient estimator of its mean 6.

Note: w is a Gaussian colored white noise.

Solution:

Cramer-Rao bound for parameter vectors

The extension to the case of a vector parameter @ is as follows: the pdf is

fm(a:[O],...,x[N— 1};01"-',6})) = fg(&ag)a
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and the lower bound for estimator variance is the following:

Proposition. Cramer-Rao Lower Bound for vector parameters. The variance of any unbiased
estimator §; must satisfy

Var(8:) > [17©9)]

i

where I(6) is the P x P Fisher Information Matrix,

o], - = | 552,

Equality for the variance bound holds whenever the gradient of f with respect to @ satisfies the
following:

Vo (f2(2;0)) = I (0) (0, (z) — 6) -

Exercise: Given IV samples of a process that can be modeled as z = A1 + w, compute an
efficient estimator of its mean A and variance 2.

Note: w is a Gaussian stationary white noise.

Solution:

2.3. Maximum Likelihood & Maximum a Posteriori Estimator

The CRLB states that there exists a lower bound for the variance of the whole set of unbiased
estimators of a parameter 6. It proposes a mechanism that, in some cases, allows obtaining this
estimator; this particular estimator that attains the variance bound is termed efficient.
Nevertheless, there is no feasible estimator that satisfies the Cramer-Rao Lower Bound.

Maximum Likelihood Estimator

Let us define the ML estimator:

Definition. Maximum Likelihood Estimator. The maximum likelihood estimator for a parameter 6
is

Oy, = argmax f, (z; 0).
6cO N

Properties. The ML estimator has the following properties:

e |tis asymptotically unbiased (and in most cases, unbiased).

e |tis asymptotically efficient: when IV increases, its variance attains the Cramer-Rao
bound.

e |tis closely related to efficiency. In fact, whenever there exists an efficient estimator for a
parameter, it is the ML estimator.

e |t follows a Gaussian distribution for large IV, characterized by its mean and variance.

e Invariance through maps: the ML estimator of a function of a parameter, a = g(6), can be
obtained as dnr = g(fur).

Let's see why the efficient estimator is exactly the ML estimator: if there exists such an estimator,
the following factorization
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Oln f;(z;0)
—p  — kO)(g(z) —0)

has been possible. As In(-) is a monotonically increasing function, the positions of the extrema do
not change. Mathematically speaking,

(91nf§(§;9) — 0 e afg(Ee) —0

06 06

Thus, if there is an efficient estimator, the Cramer-Rao and the Maximum Likelihood estimators
are the same, as

Oln f,(x;0 _ _ _
% =0 < g(z) —0=0 < |Om = g(z) = Oopt(z) = Ocr.

Exercise: Given IV samples of a process that can be modeled as z = A1 + w, compute the ML
estimator of its mean A and variance 2.

Note: w is a Gaussian stationary white noise.
Solution:

Exercise: Given N samples of a process that can be modeled as x = 61 4+ w, compute the ML
estimator of its mean 6.

Note: w is a Gaussian stationary colored noise.
Solution:

Exercise: Given IV independent samples of a Laplacian process £ = m1 + w, we want to obtain
the ML estimator of their mean m and diversity A.

Note: w is a Laplacian stationary white noise. The parameter vector is 8 = (m, ).
Solution:

Exercise: We have 2 measures of a magnitude z; = = + v;, with different errors. The errors are
Gaussian, zero-mean, with variance ¢? and independent. Compute the ML estimator of the
magnitude to be measured.

Solution:

Maximum a Posteriori Estimator

A Bayesian estimator models the parameter we are attempting to estimate as a realization of
a random variable, instead of as a constant unknown value. With this approach, we can include
the prior pdf of the parameter fy(6), which summarizes our a priori knowledge about the
parameter.

Oriap = argmax f, ¢(z,0) = argmax(f£(§|0)fg(0))
0cO 6cO

Note: conceptually, f,(z;0) is a family of pdf's and f, (x|0) is a conditional pdf.

It is called the Maximum a Posteriori (MAP) estimator, since it can be formulated as:

R 2 (2]0) fo(0
Onap = argmax fy(f|z) = argmax M = argmax(fE (z|0) fo (0))
) 9c0 fe(z) )
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MAP and ML estimators: The conditional probability function f, (z|6) will be sharper around 6y,
as the number of samples N increases. In this case, if the information provided by fy () is
correct, both estimators tend to be the same.

MAP with different priors: if we do not have any prior information about the parameter to be
estimated, its pdf fy(0) is a constant and any possible value has the same likelihood. Then, the
MAP estimator becomes the ML estimator.

Exercise: Given IV samples of a process that can be modeled as z = pl + w, compute the MAP
estimator of its mean y, knowing that it is a random variable with distribution N/ (,um, a?n).

Note: w is a Gaussian stationary colored noise.

Solution:
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